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Optoyol xar xprthiptar aOYxAlong
Ameipooeipéc eppavilovtal ouyvédtata os dAoug otoug kA&doug

¢ PUOIKAC KOl TWV EQUPLOYOV TNC LECK AAAWY ETUOTNUGOV.
Mo artetpooslpdt opileto ard to &Bpolopa

(e}

Z an , pe Tnv uttéBeon 6t lim ap < oo . (1)
n—oo

n=1

H akolouBio pLyadikdv, ev yével, aplBumdv a, kabopilel tic
WLéTNTEC GUYKALGTC TNC.
> M amelpooelpd giva ouykAivovoo av LooUTOL e
TeTepaopévo apLlOud.
» Elvo aoddtwe ovykAivovoa av 1) atelpooelpdl

il"’"' <o @)

> Av 1 (2) amokAivel eved 1 (1) ovykAiver, Téte Mépe étL 1
Y 1 an ouykAvel vttd ouvBfKec.
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» M oelpd tnc omolac ol dpot siva Siadoyikd Betikol kot
apvntikol aplBuoi ovopdleton evadaooduevn. Téte
ap = (—1)"by,, 6mov b, Betikol aplBpof.

Av 1 aTelcopelpd TNV oToia LeAeTOOME eV uTopel va
utoloylotel emakplBadg eival onuovtikd v yvwpiloupe ov 1
oelpd eivael ovykAivovoa 1 atokAivovoo.

Opadototodpe kot TtapaBétovpe tar SLdpopa kprtptor oOYKALOTC:

Kpttrpto 1: X0yxpion oelpdv un apvnTix®dy 6pev
‘Eotw 800 akohloubicc tétolec wote b, > 0 kaw a, =0,V n > N,

dnAad1 eivor Betikéc amd évav bpo ko Tépa.
loyYouv ta e€Mic:
> Av a, < b,, V n > N kown Y, b, ouykAiver, téte kou n Y, an
emiong ouykAiveL.

> Av avtBétwe a, = bp, V. n > N xow n Y, b, amtokivel téte
ko n Y., an emiong amokAiveL.
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Q¢ apddelypo éotw oL oepéc oplldueveg am’ Tic akoloubiscg

Inn

ST VS

1
by = = A ,
n=s (ovykhivouvoa)

‘Exovpe:

1
» Inn< nkot ———— < —.
23 —1 ~ n

> Apa a, < b, kol Y., a, < 0.
Kpttripto 2: X0yxpton Aoyou Gelpmy U1 apvnTixmy 6pwy
‘Eotw §00 akolouvbiec tétolec dote

U 4
loxouv ta e&c:
> Av A # 0, 00, Tt OL OELpéC Y, an kou Y, by glvou kow ou §Vo
eite ovykAivovoec eite amokAivovoec.

» Av A =0, téte av Y, b, ovykAiver téte kaw n Y, an
ovvkAvel eTtlonc.
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> Av A = oo, téte av ), b, atokAivel téTE KL N Y, A
ook Aivel eTtiong.

[Biaitepar xpfouun elvol n obykplon pe T oepd b, = 1/nP. Av
an~1/nP yie n — oo, téte Y, a, ovykAiver yioe p > 1 ko
atokAivel yio p < 1.

X YL YLOL TN OELpd

® 2 4+n+3 .
2 == lim na, =1.

3 2 —
a1 nP+2n n—oo

Eneldq p =1, n oeipd

® n24+n+3
Y. 3 L on2 (4)

1

n=1

OLTLOKALVEL.
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Keitrpto 3: Kpttfpto tou ohoxAnpopatog

Av f(x) etvon ovvexiic, Betikf ko povétova wbivovoa cuvdptnon
v x > N kou tétowa wote f(n) = ap, V n > N, téte (1)
ovYKAlvel 1] atokAivel v TO OAOKATpwLOL

dx f(x), 5
J, e )
ovykAivel 1 atokAivel, avtioTolyo.
.x. o oelpég

= n”P+1"' =, ninn ' = '

atokAivouv, artokAivouv kall ouykAivouv, avtiotolyo, £Teldn To
QUTO LOXVEL YLOL TOL OAOKATIPWIOTO

o0 o0 1 ()

/ dx%, / dx , / dx xe >
1 xc+1 2 xInx 0

| S

:%ln(xz+1)|i°:00 =lIn(Inx)|$=00 -

Nl
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Kpitripo 4: Kprtrplo yio evahhacodpeveg oelpég
Mio evalhooodpevn oelpd ouykAivel ov

n>1 and lim a,=0. (6)

'
n—oo

|an+1| < |3n

Q¢ apadeiypota Tic Bewpoldue oelpéc

(@) i S
n=1

® L'
:0 n4

(v) Zm

Ou (a) ko (B) ovykAivouv (utd ouvBrikeg) ko 1 () atokAivet.
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AT To Tocpodeiypator auTd, A kol YeEVLKOTEPQL, TIPOKITLTOUV:

» H evadlaooduevn oclpd Tov avtiotolyel o uLé
atokAeivovoa oelpd BeTikdv dpwv pTopet vo givou
ovykAivovoo.

> Av i oelpd Betikadv dpwv ouykivel 1) TaxdtnTo oOYKALONG
NG vTioTolX NG EVUANLCOOUEVNG OELPBG LVEALVETOLL.
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Kpitfpo 5: Kputrpio tou D’ Alembert

> Av
dn+1

an

<r<l, Vn>N,

étmov r avedptnTo Tov n, TéTE N Y, an OVYKALVEL.

> Av

a
"tls1, VYa>N,
an

téTE M Y, ap ATOKALVEL.
Mo opLak? mepittwon tou kptrnpiov, éxel we e&fc. ‘Eotw

. a
lim 2741 —

n—oo  ap

> Av L < 1 téte n Y, a, ovykAivel.

> Av L > 1 téte n ), ap, wmokAiveL.
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> Av L = 1 to kpithpLo dev epoppdletar.

> Y& oUTEC TIG TIEPLTITAOELS (0WG EXOVUE ap+1/an < 1 via SAat
Ta memepoopéva n, oA B r < 1, aveEdpTnTo Tov n Yl
OLPKETA LEYAAEC TLLEC TOVU, OOTE TLAVTIOL VOL LKOLVOTIOLELTOW 1)
(7).

» wX. apn=1/n, apy1/an=n/(n+1) <1, al\& o épio
mdeL oto 1, étav n — oo.



K. ZOETXOX Ma@npatikéc MéBodol Puoikig

Kpitripto 6: Kprtiplo tou Cauchy A xpithiplo tng plCag
Av
a/"<r<1,VYan>N, (10)

pe r ave&dptnto Tov n, TOTE M Y, 8, OUYKAIVEL KO oLV
a/">1, Yn>N, (11)

TOTE M Y, an ATIOKALVEL.
Mo opLok? mepittwon tou kptrnpiov, éxel we e&fc. ‘Eotw

. 1/n _
n||_r>noo a,"=1L. (12)
> Av L < 1 téte n Y, a, ovykAivel.
> Av L > 1 téte n ), a, amtokAiveL.

> Av L =1 8ev epappdletan yiow Adyoug TopdoLoug e
aVTOUC OV TaPoVoL&oTNKAV 0To kptTHpto Touv D' Alembert.
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Keithpro 7: Kpttfpto tou Kummer

‘Ectw a, kol b, Betikéc akolovBiec. loybouv ta e&iic:

> Av 5
bp—"- —bpy1=>C>0, VYn=N,
an41
téte To &Bpolopa Y, a, ouykAivet.
> Av R
by—"— —byy1 <0, V=N,
an+1

(13)

(14)

kow 1 Y, b1 amok)iver, T6te To &Bpolopa ¥, a, aokAivel

emlong.
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To kpithplo cuxvd TopoucldleTol e TV opLokt TOu opYH
vrtoloyilovrog mpdTa

lim (bna” - bm) =C. (15)

n—oo an+1
Av C > 0 téte 1 Y, an ouykAivel koaw v C < O ko m Y, bt
elvou oerokAivovoa, Téte ko M Y, ap ook AfveL.

» H oprok? popyt tou kpirnpiov eivor tooddvaun pe tig (13)
kou (14).
» To kpitfiplo dev epapudleton aov C = 0.
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Kpttripto 8: Kprtipto tou Raabe

To kpLthplo autd aotedei £L8LkT £QAPLOYH TOV KPLTTPIOV TOu
Kummer av xpnowpotnoljooupe tnv b, = n. ‘Exovue

> Av
n(a” 1)>P>1, Vn>N, (16)
an+1
téte To dBpotopa Y, a, ocuykAivet.
> Av
n(a” —1)<1, Yn>N, (17)
dn+1

téte To &bBpolopa Y, a, ookAivel.

To kpithplo cuxvd TopoucldleTol e TV OpLokT TOU opYH
vrtoloyilovrog mpdTa

lim n(a" 1):5. (18)
n—oo an+1

H oepd Y, a5 ouykAiver av s > 1 kou aetokAivel av s < 1, evid

DT T « S 4 AU




K. ZOETXOX Ma@npatikéc MéBodol Puoikig

Kettrpto 9: Kprtipto tou Gauss
Av a, > 0 vyl SAaL oL TeTTEpALOPEVAL N KOLL

=14+-4+—= 19
+2+37, (19)

otnv omola B, elva @parypévn ouvdptnomn Tov n 6Tav To N — 09,

> To &Bpotopa Y, a, ovykAiver av h > 1 ko atokAiver oy
h<1

» Efvow onuavtikéd étL to kpLthplo autd médvta epapudleTal.

» H anddeéf tov yioe h # 1 otnpileton oto kpitthipLto Tov
Raabe kot vt h = 1 epappé6lovtac To kpLthplo Tov Kummer
yioe b, = nlnn.
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Awmhég oelpég xou enavadLiTagy Toug
O uthéc oewpéc £xouv TN popeh

ZZanm-

Onwg ko otnv TepimTwon Twv SITAGV OAOKANPWAT®OV ToANEG
popéc ouppépel va eTavadiaTdoupe Toug dpouc DIMAGV GelpdV
YLoTL éToL Topel va givor eukoAdTEPO VoL UTLONOYLOTEL.

(20)

Mopabétovue TIC TEPLTTOOELC:
» H wpdtn SuvatdTnra eivol vou kdvoupe tTnv oAy

n=qg>0, m=p—q=0, (21)

Taipvoupe OtL

iianm—zzaqp q-

n=0 n=0 p=0g=0
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> Mid Sedtepn Suvatdtnta eival vao adh&Eoupe detktec we
n=s>0, m=r—2s>0. (23)

Tbéte
() r/2

iian,m—zzasr 2s - (24)

n=0 n=0 r=0 s=
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O petaoynpatiopdbc Sommerfeld—Watson

‘Evolg TpdTog utoAoYLopnoy &Telpwy oelp@v eivol Kol oW TNG
HETATPOTNAC TOVG OE [LYABLKE OAOKATIPGDUALTOL.
MopoLpLopP@OVOVTALG TOV AVTIOTOLYXO SpOO LTLOPOUE VO
UTLOAOYICOULE TO OAOKANPWILOL KOL KoL TNV &Telpn oslpd. Avtdg
givall o petaoyuatiopée twv Sommerfeld—Watson.

‘Eotw n ouvdptnon f(z) n omola:

> MnBeviletou ypnyopdtepa amd 1/|z| étav z — oo.

> ‘Exel memepaopévo aplbud tdhwv o onueiat z, oto wryadikd
emimedo pokpld o’ Tov mpoypatikd dEoval ko fotw Ry Ta
avtioTolyo odokAnpwtikd vtdhotma tne f(z).
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MTmopo¥ue v vtohoyicouue o abpoiopotor:

>
Z fn= —HZRkCOtT[Zk . (25)
n=-—oo k
>
Y (-1, = ny (26)
" T sin 7wz

‘Exouvpe Béoel f, = f(n).
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[Mapdderyyo uToAoyopoU BUVAULOGELRHC
Troloyiote To dmepo &bBpolopa

)n+1 2 2n 1

Z (2n—1)! ' (27)

Noon
Oa XpNOUYLOTOLACOVUE TNV AVATTLEN TOV sin x 0t OeLpd YOpw
atd to x = 0, n ool glvout

) (_1)kx2k+1
k; (2k+1)!

sinx =

AX\&lovtog Beiktn wg k = n— 1 1 oepd (27) ypdpeTon

) (71)1( 2k+1

fx) =Y. .

k=0 :



K. ZOETXOX Ma@npatikéc MéBodol Puoikig

INpdpovroag toug Tpeic dpoug Eexwplotd éxoupe

00 (_1)kx2k+1

Fo) = =2kt 1)!
d & ( 1)k 2k
i~ Z 2k + 1)

Li i 1)/( 2k
4 dx (2k + 1)!

B Smx_‘_xzismx_i_xjixisinx

B dx x 4 dx dx x
1

= %xcosx+z(1—x2)sinx,

ToV &ivall kol TO TeALkd ALTLOTENETLAL.
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[apdderypo Lo oeipdc pe ohoxAnpwTixd utdhoina
Aci&te 6t

ad 1 T V3
— = —tanh —_— . 28
n;w n+n2+1 /3 2 (28)
Noon
Ou wéhot Sivovtan ar’ Tic pilec tne z* + 7241 =0 kou elvon ot
71 = er[i/3 ' zy = e27‘[i/3 '

kaBa¢ kol oL pryadikol oulnyol Tovg. Apa XpPNOLULOTOLOVTAG TO
petooxnuatiopd Sommerfeld—Watson ko tnv (25) éxouvue

i 1 . i cot 7rz) n cot 7z}
a2+l AR 42z 4z +2z7)
T /3
= ... = —tanh—— .
V3 2

Ou Aemtopépieg apfvovtal we [Aoknon)].
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[apdderypo 20 oelpdc pe oOhOXANPOTIXG UTONOLTAL
Act&te 6t
i 11
2122 222
aon-ta 2a

(1+ macothma) , (29)

émov a wparypatikf otaBepd. Mpte TpooekTikd to bdplo a — 0.
Ndon

Ov Mot divovtow ot tic pilec tne 72 4 22 = 0 ko efvor ool
TdhoL ot onueion z = Fia. Apa XPNOULOTLOLOVTAE TO
petooxnuatiopd Sommerfeld—Watson ko tnv (25) €éxoupe

> 1 T ) T

Z —5 5 = —cotima= —cothma.

oo N°+a 1a a

Mpdpoupe Y2 (-++) =20 o(-++) — 1/a° kou amodetkvioupe
0 {nrodpevo yatt Yl oo (- ) = Y90 (-- ).



K. ZOETXOX Ma@npatikéc MéBodol Puoikig

Mo vo mépoupe 1o dplo a — 0 awvanticoupe TpwTo To dei
Kélog

1 1 2

— 2
52 (14 macothmwa) = ?—1——4—0(3 ).

6
Agapidvtoc Tov épo e n = 0 ot To aplotepd wédoc Ppiokouue
oTL )

> 1 T

Y. 5= ¢ (30)

n=1"

Ou Aemttopépieg aprivovto wg [Aoknon].
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Hapdderypo 30 olpds e ohoxhnewtixd vdloina
Aci&te ot

ad 1 a
Z n2 + 27 22 (1 + sinh na) ' (31)

MNépte TpooekTikd to 6plo a — 0.

Ndon

Ov Mot divovtow ot tic pilec tne 72 4 22 = 0 ko efvou ool
TdhoL ot onueioe z = Fia. Apa XPNOUYLOTLOLOVTAE TO
petooxnuatiopd Sommerfeld—Watson ko tnv (26) €éxoupe

i (- =~ 1 7 1
. n?+a2  iasinima asinhma’

‘Omag ko ptv ypdpovpe Y (- ) =2¥% (- -+ ) — 1/a° kot
amodeikvioupe to {nrodpevo yiott YL (---) = XP(---).
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Mo va Ttdpoupe to dplo a — 0 avamttoooupe TpoTo To dedi

HéNog
1 7ta 1 5
232 (1+sinh7ra) - ?_§+O(a )
Agatpavtog 8e tov 6po pe n = 0 o’ To aplotepd péNog
Bplokouue 611
2

2 12

Ou Aemtopépieg apfivovton wg [Aoknon].
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O tOnoc twv Euler—-Maclaurin
O tdmo¢ tov Euler-Maclaurin avodetkviet pe ovotnuatikéd tpdmo
™ Siopopd petall evde drakpitol abpoiopatoc ko Tov
AVTIOTOLY OV OAOKATIPDUATOG.

» ‘Eotw n akolovBio f ko n avtiotoixn ovvdptnon £ (k).

> To memepaopuévo &Bpolopa éxEL TNV ALOVUTTOTIKY VATTUEN

b .
Yo~ /ab dk f(k) + (2 1(B) - o)

+ 2
k=1

Bak [r2k-1) (2k—1)

R ORI O] ES)
émov a ko b elvon aképaol ko Byy givan aplBuol Bernoulli.

> Y& TOANEG TLEPLTITOOELG TO OAOKATPWILOL LTTOpEL VoL
vrtoloyloBel ov kol atutd pmopel v unv eival Suvatd yral T

oelpd. ‘Apal TOTE N ALOUUTTOTIKY OELpd WUTtopel va
vrtoloyloBel pe otolyelddelc cuvaptioelc.
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» Ta molvavupo Bernoulli opifovtal am’ tnv avdmrugn

text - t"
= - el (34)
Ou apiBuoi Bernoulli opi€ovton o’ tn oxéon
Bn = Bn(0) = By(1) . (35)
O pwtolL €€’ auTHOV givor
1 1 1 1
Bp=1, Bl—_iv B2—6, B3 =0 B4——%, BG_E_
> Q¢ Topddelypol ExXovupLe
- B2n
n02+n N/ 2+ 2+Z Z2n+1 - (36)

= 1/z

Mo z = 1 TpdkelToL YLOL TNV CLOUUTTOTIKY ALVEATTUEN TNG
oepéc Y oo 4 1/k?® = 712/6 (Euler 1735).
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‘Areipa yivoueva
‘Eval &Telpo yvépevo opiletol w¢

10—_1 an . (37)

eppaviCovton 8 otn LtatioTiky Puoiks, o8 YeEWUETPLKE
mpofAfuata pobnpatikdv, oe Bewpieg mediov ko xopdov kol
dANovg kAASouE TwV BETIKOV ETOTNUOV.

> M ouvdptnon avadutiky og dAo To pLyadikd emitedo
ovopdletal ohkf. Xto &melpo dev ypetdleton vou givout
avaAuTik? yLott Téte o’ to Bedpnua tou Liouville sivor
otaBepn. Mevikd oto dmelpo pmopsl vau eivon eite mdhoc site
ovoLddng avwpohion (éTwe oL e” ko sin z).

» ‘Eotw f(z) ohikn ouvdptnon pe undevikd mov divovtow o’
™V &Telpn, Un ovykAicovoa, akohovbio a,, n =1,2,..., 10
kaBévo ue ToAamASTNTOL M),
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Téte woybeL:

f(0) z mp

f(z) =f(0)ef@ “J] [(1 - ) ez/a"] , (38)
n=1 an

7 omoia Ponbd va ekppdooupe ameLpal YIVOUEV [E YVWOTEG

OUVOPTNOELG.

> To onueio z = 0 givorr dBaipeto apkel va umv avtiotoryel
o€ undevikd.

» Av 1 f(z) etvo pepopopeikf ouvdptnon téte propel vou
ekPpaoTel W 0 Adyoc 800 OALK®OV GUVAPTATEWV, YLO
kaBepld o’ Tic omoieg umopolue vor XpnolLotmolicouue TV
(38).



K. ZOETXOX Ma@npatikéc MéBodol Puoikig

> Q¢ mapdderypo Bewpolpe Ty f(z) = cosz. ‘Exovpe
f(0) =1, f/(0) = 0. Ta undevikd tng divovtow ot TNV

ap,=(n— %)71 n=—o00,...,0,1,00. XpnoipomoLovrog 6Tl
a_pi1 = —an, Bplokoupue 611
00 422 )
cosz = 1———— ) .
1T (1 G
> AMa mtopdpora Tapadeiyparta ([Aoknon]) sivou:
1°—°In2—1_ s 1°—°In3—1_2
S4n2+1  sinhm' S+l 37
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[Mapdderypo unoloyiopol oelpd and ANEIPO YIVOUEVO

XpNOULOTOLOVTAC TNV avaTtapdoToon Tov uTtepBoAikol nuitédvou
o€ ATELPO YLVOMLEVO,

sinhx _ ﬁ ( n272'(2) | (39)

vol arodelytel étL

1 > 2x

Noon
Modpvovtag to AoydptBuo Twv 8o pepdv tne (39), katadfyoupe

otnv
) X2
Insinhx —Inx = n({l1+—=—
nsinh x nx Zn<+n27(2>

n=1
Napaywyilovtog Tv Tedevtaia oyxéon amodeikvisTol To
{nroduevo.



