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OrismoÐ kai krit ria sÔgklishc

Apeiroseirèc emfanÐzontai suqnìtata se ìlouc stouc kl�douc
thc Fusik c kai twn efarmog¸n thc mèsw �llwn episthm¸n.
Mia apeiroseir� orÐzetai apì to �jroisma

∞

∑
n=1

an , με την υπόθεση ότι lim
n→∞

an < ∞ . (1)

H akoloujÐa migadik¸n, en gènei, arijm¸n an kajorÐzei tic
idiìthtec sÔgklis c thc.

I Mia apeiroseir� eÐnai sugklÐnousa an isoÔtai me
peperasmèno arijmì.

I EÐnai apolÔtwc sugklÐnousa an h apeiroseir�

∞

∑
n=1

|an| < ∞ . (2)

I An h (2) apoklÐnei en¸ h (1) sugklÐnei, tìte lème ìti h

∑∞
n=1 an sugklÐnei upì sunj kec.
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I Mia seir� thc opoÐac oi ìroi eÐnai diadoqik� jetikoÐ kai
arnhtikoÐ arijmoÐ onom�zetai enallassìmenh. Tìte
an = (−1)nbn, ìpou bn jetikoÐ arijmoÐ.

An h apeisoreir� thn opoÐa meletoÔme den mporeÐ na
upologisteÐ epakrib¸c eÐnai shmantikì na gnwrÐzoume an h
seir� eÐnai sugklÐnousa   apoklÐnousa.
OmadopoioÔme kai parajètoume ta di�fora krit ria sÔgklishc:

Krit rio 1: SÔgkrish seir¸n mh arnhtik¸n ìrwn

'Estw dÔo akoloujÐec tètoiec ¸ste bn > 0 kai an > 0, ∀ n > N,
dhlad  eÐnai jetikèc apì ènan ìro kai pèra.
IsqÔoun ta ex c:

I An an 6 bn, ∀ n > N kai h ∑n bn sugklÐnei, tìte kai h ∑n an
epÐshc sugklÐnei.

I An antijètwc an > bn, ∀ n > N kai h ∑n bn apoklÐnei tìte
kai h ∑n an epÐshc apoklÐnei.

3



K. SFETSOS Majhmatikèc Mèjodoi Fusik c

Wc par�deigma èstw oi seirèc orizìmenec ap' tic akoloujÐec

an =
ln n

2n3 − 1
, bn =

1
n2 (συγκλίνουσα) ,

'Eqoume:

I ln n < n kai
1

2n3 − 1
6

1
n3 .

I 'Ara an 6 bn kai ∑n an < ∞.

Krit rio 2: SÔgkrish lìgou seir¸n mh arnhtik¸n ìrwn

'Estw dÔo akoloujÐec tètoiec ¸ste

an > 0 , bn > 0 , και lim
n→∞

an
bn

= A . (3)

IsqÔoun ta ex c:

I An A 6= 0, ∞, tìte oi seirèc ∑n an kai ∑n bn eÐnai kai oi dÔo
eÐte sugklÐnousec eÐte apoklÐnousec.

I An A = 0, tìte an ∑n bn sugklÐnei tìte kai h ∑n an
sugklÐnei epÐshc.
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I An A = ∞, tìte an ∑n bn apoklÐnei tìte kai h ∑n an
apoklÐnei epÐshc.

IdiaÐtera qr simh eÐnai h sÔgkrish me th seir� bn = 1/np. An
an ∼ 1/np gia n → ∞, tìte ∑n an sugklÐnei gia p > 1 kai
apoklÐnei gia p 6 1.
p.q. gia gia th seir�

∞

∑
n=1

n2 + n + 3
n3 + 2n2 =⇒ lim

n→∞
nan = 1 .

Epeid  p = 1, h seir�

∞

∑
n=1

n2 + n + 3
n3 + 2n2 , (4)

apoklÐnei.
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Krit rio 3: Krit rio tou oloklhr¸matoc

An f (x) eÐnai suneq c, jetik  kai monìtona fjÐnousa sun�rthsh
gia x ≥ N kai tètoia ¸ste f (n) = an, ∀ n > N, tìte h (1)
sugklÐnei   apoklÐnei an to olokl rwma∫ ∞

N
dx f (x) , (5)

sugklÐnei   apoklÐnei, antÐstoiqa.
P.q. oi seirèc

∞

∑
n=1

n
n2 + 1

,
∞

∑
n=2

1
n ln n

,
∞

∑
n=1

ne−n2
,

apoklÐnoun, apoklÐnoun kai sugklÐnoun, antÐstoiqa, epeid  to
autì isqÔei gia ta oloklhr¸mata∫ ∞

1
dx

x
x2 + 1︸ ︷︷ ︸

= 1
2 ln(x2+1)|∞1 =∞

,
∫ ∞

2
dx

1
x ln x︸ ︷︷ ︸

=ln(ln x)|∞2 =∞

,
∫ ∞

0
dx xe−x2

︸ ︷︷ ︸
= 1

2

.

6



K. SFETSOS Majhmatikèc Mèjodoi Fusik c

Krit rio 4: Krit rio gia enallassìmenec seirèc

MÐa enallassìmenh seir� sugklÐnei an

|an+1| 6 |an| , n > 1 and lim
n→∞

an = 0 . (6)

Wc paradeÐgmata tic jewroÔme seirèc

(α)

∞

∑
n=1

(−1)nn
n2 + 1

,

(β)

∞

∑
n=2

(−1)n

n ln n
,

(γ)

∞

∑
n=1

(−1)nn4

(n2 + 1)5/3 .

Oi (a) kai (b) sugklÐnoun (upì sunj kec) kai h (g) apoklÐnei.
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Ap' ta paradeÐgmata aut�, all� kai genikìtera, prokÔptoun:

I H enallassìmenh seir� pou antistoiqeÐ se mi�
apokleÐnousa seir� jetik¸n ìrwn mporeÐ na eÐnai
sugklÐnousa.

I An mia seir� jetik¸n ìrwn sugklÐnei h taqÔthta sÔgklishc
thc antÐstoiqhc enallassìmenhc seir�c aux�netai.
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Krit rio 5: Krit rio tou D’ Alembert

I An an+1
an

6 r < 1 , ∀ n > N , (7)

ìpou r anex�rthto tou n, tìte h ∑n an sugklÐnei.

I An an+1
an

> 1 , ∀ n > N , (8)

tìte h ∑n an apoklÐnei.

Mia oriak  perÐptwsh tou krithrÐou, èqei wc ex c. 'Estw

lim
n→∞

an+1
an

= L . (9)

I An L < 1 tìte h ∑n an sugklÐnei.

I An L > 1 tìte h ∑n an apoklÐnei.
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I An L = 1 to krit rio den efarmìzetai.

I Σε αυτές τις περιπτώσεις ίσως έχουμε an+1/an < 1 για όλα
τα πεπερασμένα n, αλλά @ r < 1, ανεξάρτητο του n για
αρκετά μεγάλες τιμές του, ώστε πάντα να ικανοποιείται η

(7).

I π.χ. an = 1/n, an+1/an = n/(n + 1) < 1, αλλά το όριο
πάει στο 1, όταν n → ∞.
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Krit rio 6: Krit rio tou Cauchy   krit rio thc rÐzac

An
a1/n
n 6 r < 1 , ∀ n > N , (10)

me r anex�rthto tou n, tìte h ∑n an sugklÐnei kai an

a1/n
n > 1 , ∀ n > N , (11)

tìte h ∑n an apoklÐnei.
Mia oriak  perÐptwsh tou krithrÐou, èqei wc ex c. 'Estw

lim
n→∞

a1/n
n = L . (12)

I An L < 1 tìte h ∑n an sugklÐnei.

I An L > 1 tìte h ∑n an apoklÐnei.

I An L = 1 den efarmìzetai gia lìgouc parìmoiouc me
autoÔc pou parousi�sthkan sto krit rio tou D’ Alembert.
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Krit rio 7: Krit rio tou Kummer
'Estw an kai bn jetikèc akoloujÐec. IsqÔoun ta ex c:

I An
bn

an
an+1

− bn+1 > C > 0 , ∀ n > N , (13)

tìte to �jroisma ∑n an sugklÐnei.

I An
bn

an
an+1

− bn+1 6 0 , ∀ n > N , (14)

kai h ∑n b−1
n apoklÐnei, tìte to �jroisma ∑n an apoklÐnei

epÐshc.
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To krit rio suqn� parousi�zetai me thn oriak  tou morf 
upologÐzontac pr¸ta

lim
n→∞

(
bn

an
an+1

− bn+1

)
= C . (15)

An C > 0 tìte h ∑n an sugklÐnei kai an C < 0 kai h ∑n b−1
n

eÐnai apoklÐnousa, tìte kai h ∑n an apoklÐnei.

I H oriak  morf  tou krithrÐou eÐnai isodÔnamh me tic (13)
kai (14).

I To krit rio den efarmìzetai an C = 0.
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Krit rio 8: Krit rio tou Raabe
To krit rio autì apoteleÐ eidik  efarmog  tou krithrÐou tou
Kummer an qrhsimopoi soume thn bn = n. 'Eqoume

I An

n
(

an
an+1

− 1
)

> P > 1 , ∀ n > N , (16)

tìte to �jroisma ∑n an sugklÐnei.

I An

n
(

an
an+1

− 1
)

6 1 , ∀ n > N , (17)

tìte to �jroisma ∑n an apoklÐnei.

To krit rio suqn� parousi�zetai me thn oriak  tou morf 
upologÐzontac pr¸ta

lim
n→∞

n
(

an
an+1

− 1
)

= s . (18)

H seir� ∑n an sugklÐnei an s > 1 kai apoklÐnei an s < 1, en¸
an s = 1 den efarmìzetai.
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Krit rio 9: Krit rio tou Gauss
An an > 0 gia ìla ta peperasmèna n kai

an
an+1

= 1 +
h
n

+
Bn
n2 , (19)

sthn opoÐa Bn eÐnai fragmènh sun�rthsh tou n ìtan to n → ∞.

I To �jroisma ∑n an sugklÐnei an h > 1 kai apoklÐnei an
h 6 1.

I EÐnai shmantikì ìti to krit rio autì p�nta efarmìzetai.

I H apìdeix  tou gia h 6= 1 sthrÐzetai sto krit rio tou
Raabe kai gia h = 1 efarmìzontac to krit rio tou Kummer
gia bn = n ln n.
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Diplèc seirèc kai epanadi�tax  touc

Oi diplèc seirèc èqoun th morf 

∞

∑
m=0

∞

∑
n=0

an,m . (20)

'Opwc kai sthn perÐptwsh twn dipl¸n oloklhrwm�twn pollèc
forèc sumfèrei na epanadiat�xoume touc ìrouc dipl¸n seir¸n
giatÐ ètsi mporeÐ na eÐnai eukolìtero na upologisteÐ.
Parajètoume tic peript¸seic:

I H pr¸th dunatìthta eÐnai na k�noume thn allag 

n = q > 0 , m = p − q > 0 , (21)

paÐrnoume ìti

∞

∑
n=0

∞

∑
n=0

an,m =
∞

∑
p=0

p

∑
q=0

aq,p−q . (22)
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I Mi� deÔterh dunatìthta eÐnai na all�xoume deÐktec wc

n = s > 0 , m = r − 2s > 0 . (23)

Tìte
∞

∑
n=0

∞

∑
n=0

an,m =
∞

∑
r=0

[r/2]

∑
s=0

as,r−2s . (24)
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O metasqhmatismìc Sommerfeld–Watson
'Enac trìpoc upologismoÔ �peirwn seir¸n eÐnai kai mèsw thc
metatrop c touc se migadik� oloklhr¸mata.
Paramorf¸nontac ton antÐstoiqo drìmo mporoÔme na
upologÐsoume to olokl rwma kai kai thn �peirh seir�. Autìc
eÐnai o metasqhmatismìc twn Sommerfeld–Watson.
'Estw h sun�rthsh f (z) h opoÐa:

I MhdenÐzetai grhgorìtera apì 1/|z | ìtan z → ∞.

I 'Eqei peperasmèno arijmì pìlwn se shmeÐa zk sto migadikì
epÐpedo makri� ap' ton pragmatikì �xona kai èstw Rk ta
antÐstoiqa oloklhrwtik� upìloipa thc f (z).
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MporoÔme na upologÐsoume ta ajroÐsmata:

I
∞

∑
n=−∞

fn = −π ∑
k

Rk cot πzk . (25)

I
∞

∑
n=−∞

(−1)nfn = −π ∑
k

Rk
sin πzk

. (26)

'Eqoume jèsei fn = f (n).
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Par�deigma upologismoÔ dunamoseir�c

UpologÐste to �peiro �jroisma

f (x) =
∞

∑
n=1

(−1)n+1n2x2n−1

(2n− 1)!
. (27)

LÔsh
Ja qrhsimopoi soume thn an�ptuxh tou sin x se seir� gÔrw
apì to x = 0, h opoÐa eÐnai

sin x =
∞

∑
k=0

(−1)kx2k+1

(2k + 1)!
.

All�zontac deÐkth wc k = n− 1 h seir� (27) gr�fetai

f (x) =
∞

∑
k=0

(−1)kx2k+1

(2k + 1)!
(1 + 2k + k2) .
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Gr�fontac touc treÐc ìrouc xeqwrist� èqoume

f (x) =
∞

∑
k=0

(−1)kx2k+1

(2k + 1)!

+x2 d
dx

∞

∑
k=0

(−1)kx2k

(2k + 1)!

+
x2

4
d
dx

x
d
dx

∞

∑
k=0

(−1)kx2k

(2k + 1)!

= sin x + x2 d
dx

sin x
x

+
x2

4
d
dx

x
d
dx

sin x
x

=
3
4
x cos x +

1
4
(1− x2) sin x ,

pou eÐnai kai to telikì apotèlesma.
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Par�deigma 1o seir�c me oloklhrwtik� upìloipa

DeÐxte ìti:
∞

∑
n=−∞

1
n4 + n2 + 1

=
π√
3

tanh
π
√

3
2

. (28)

LÔsh
Oi pìloi dÐnontai ap' tic rÐzec thc z4 + z2 + 1 = 0 kai eÐnai oi

z1 = eπi/3 , z2 = e2πi/3 ,

kaj¸c kai oi migadikoÐ suzhgoÐ touc. 'Ara qrhsimopoi¸ntac to
metasqhmatismì Sommerfeld–Watson kai thn (25) èqoume

∞

∑
n=−∞

1
n4 + n2 + 1

= −π

(
2

∑
k=1

cot πzk
4z3

k + 2zk
+

cot πz∗k
4z∗3k + 2z∗k

)

= · · · =
π√
3

tanh
π
√

3
2

.

Oi leptomèriec af nontai wc ['Askhsh].
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Par�deigma 2o seir�c me oloklhrwtik� upìloipa

DeÐxte ìti:
∞

∑
n=0

1
n2 + a2 =

1
2a2 (1 + πa coth πa) , (29)

ìpou a pragmatik  stajer�. P�rte prosektik� to ìrio a → 0.
LÔsh
Oi pìloi dÐnontai ap' tic rÐzec thc z2 + a2 = 0 kai eÐnai aploÐ
pìloi sta shmeÐa z = ±ia. 'Ara qrhsimopoi¸ntac to
metasqhmatismì Sommerfeld–Watson kai thn (25) èqoume

∞

∑
n=−∞

1
n2 + a2 = −π

ia
cot iπa =

π

a
coth πa .

Gr�foume ∑∞
−∞(· · · ) = 2 ∑∞

n=0(· · · )− 1/a2 kai apodeiknÔoume
to zhtoÔmeno giatÐ ∑1

−∞(· · · ) = ∑∞
1 (· · · ).
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Gia na p�roume to ìrio a → 0 anaptÔsoume pr¸ta to dexÐ
mèloc

1
2a2 (1 + πa coth πa) =

1
a2 +

π2

6
+O(a2) .

Afair¸ntac ton ìro me n = 0 ap' to aristerì mèloc brÐskoume
ìti

∞

∑
n=1

1
n2 =

π2

6
. (30)

Oi leptomèriec af nontai wc ['Askhsh].
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Par�deigma 3o seir�c me oloklhrwtik� upìloipa

DeÐxte ìti:
∞

∑
n=0

(−1)n

n2 + a2 =
1

2a2

(
1 +

πa
sinh πa

)
. (31)

P�rte prosektik� to ìrio a → 0.
LÔsh
Oi pìloi dÐnontai ap' tic rÐzec thc z2 + a2 = 0 kai eÐnai aploÐ
pìloi sta shmeÐa z = ±ia. 'Ara qrhsimopoi¸ntac to
metasqhmatismì Sommerfeld–Watson kai thn (26) èqoume

∞

∑
n=−∞

(−1)n

n2 + a2 = −π

ia
1

sin iπa
=

π

a
1

sinh πa
.

'Opwc kai prÐn gr�foume ∑∞
−∞(· · · ) = 2 ∑∞

n=0(· · · )− 1/a2 kai
apodeiknÔoume to zhtoÔmeno giatÐ ∑−1

−∞(· · · ) = ∑∞
1 (· · · ).
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Gia na p�roume to ìrio a → 0 anaptÔsoume pr¸ta to dexÐ
mèloc

1
2a2

(
1 +

πa
sinh πa

)
=

1
a2 −

π2

12
+O(a2) .

Afair¸ntac de ton ìro me n = 0 ap' to aristerì mèloc
brÐskoume ìti

∞

∑
n=1

(−1)n

n2 = −π2

12
. (32)

Oi leptomèriec af nontai wc ['Askhsh].
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O tÔpoc twn Euler–Maclaurin
O tÔpoc tou Euler–Maclaurin anadeiknÔei me susthmatikì trìpo
th diafor� metaxÔ enìc diakritoÔ ajroÐsmatoc kai tou
antÐstoiqou oloklhr¸matoc.

I 'Estw h akoloujÐa fk kai h antÐstoiqh sun�rthsh f (k).
I To peperasmèno �jroisma èqei thn asumptotik  an�ptuxh

b

∑
k=a

fk ∼
∫ b

a
dk f (k) +

f (a) + f (b)
2

+
∞

∑
k=1

B2k
(2k)!

[
f (2k−1)(b)− f (2k−1)(a)

]
, (33)

ìpou a kai b eÐnai akèraioi kai B2k eÐnai arijmoÐ Bernoulli.
I Se pollèc peript¸seic to olokl rwma mporeÐ na

upologisjeÐ an kai autì mporeÐ na mhn eÐnai dunatì gia th
seir�. 'Ara tìte h asumptotik  seir� mporeÐ na
upologisjeÐ me stoiqei¸deic sunart seic.
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I Ta polu¸numa Bernoulli orÐzontai ap' thn an�ptuxh

text

et − 1
=

∞

∑
n=0

Bn(x)
tn

n!
. (34)

Oi arijmoÐ Bernoulli orÐzontai ap' th sqèsh

Bn = Bn(0) = Bn(1) . (35)

Oi pr¸toi ex' aut¸n eÐnai

B0 = 1 , B1 = −1
2

, B2 =
1
6

, B3 = 0 , B4 = − 1
30

, B6 =
1
42

.

I Wc par�deigma èqoume

∞

∑
n=0

1
(z + n)2

∼
∫ ∞

0

dn
(z + n)2︸ ︷︷ ︸
= 1/z

+
1

2z2 +
∞

∑
n=1

B2n
z2n+1 . (36)

Gia z = 1 prìkeitai gia thn asumptotik  an�ptuxh thc
seir�c ∑∞

k=1 1/k2 = π2/6 (Euler 1735).
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'Apeira ginìmena

'Ena �peiro ginìmeno orÐzetai wc

∞

∏
n=1

an , (37)

emfanÐzontai de sth Statistik  Fusik , se gewmetrik�
probl mata majhmatik¸n, se jewrÐec pedÐou kai qord¸n kai
�llouc kl�douc twn jetik¸n episthm¸n.

I Mia sun�rthsh analutik  se ìlo to migadikì epÐpedo
onom�zetai olik . Sto �peiro den qrei�zetai na eÐnai
analutik  giatÐ tìte ap' to je¸rhma tou Liouville eÐnai
stajer . Genik� sto �peiro mporeÐ na eÐnai eÐte pìloc eÐte
ousi¸dhc anwmalÐa (ìpwc oi ez kai sin z).

I 'Estw f (z) olik  sun�rthsh me mhdenik� pou dÐnontai ap'
thn �peirh, mh sugklÐsousa, akoloujÐa an, n = 1, 2, . . . , to
kajèna me pollaplìthta mn.
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Tìte isqÔei:

f (z) = f (0)e
f ′(0)
f (0) z ∏

n=1

[(
1− z

an

)
ez/an

]mn

, (38)

h opoÐa bohj� na ekfr�soume apeira ginìmena me gnwstèc
sunart seic.

I To shmeÐo z = 0 eÐnai aÔjaÐreto arkeÐ na mhn antistoiqeÐ
se mhdenikì.

I An h f (z) eÐnai meromorfik  sun�rthsh tìte mporeÐ na
ekfrasteÐ wc o lìgoc dÔo olik¸n sunart sewn, gia
kajemi� ap' tic opoÐec mporoÔme na qrhsimopoi soume thn
(38).
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I Wc par�deigma jewroÔme thn f (z) = cos z . 'Eqoume
f (0) = 1, f ′(0) = 0. Ta mhdenik� thc dÐnontai ap' thn
an = (n− 1

2 )π, n = −∞, . . . , 0, 1, ∞. Qrhsimopoi¸ntac ìti
a−n+1 = −an brÐskoume ìti

cos z =
∞

∏
n=1

(
1− 4z2

(2n− 1)2π2

)
.

I 'Alla parìmoia paradeÐgmata (['Askhsh]) eÐnai:

∞

∏
n=2

n2 − 1
n2 + 1

=
π

sinh π
,

∞

∏
n=2

n3 − 1
n3 + 1

=
2
3

.
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Par�deigma upologismoÔ seir� apì �peiro ginìmeno

Qrhsimopoi¸ntac thn anapar�stash tou uperbolikoÔ hmitìnou
se �peiro ginìmeno,

sinh x
x

=
∞

∏
n=1

(
1 +

x2

n2π2

)
, (39)

na apodeiqteÐ ìti

coth x − 1
x

=
∞

∑
n=1

2x
x2 + n2π2 . (40)

LÔsh
PaÐrnontac to log�rijmo twn dÔo mer¸n thc (39), katal goume
sthn

ln sinh x − ln x =
∞

∑
n=1

ln
(

1 +
x2

n2π2

)
.

ParagwgÐzontac thn teleutaÐa sqèsh apodeiknÔetai to
zhtoÔmeno.
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